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Abstract 

Topology-changing transitions between vacua of different effective dimensionality are studied in 
the context of a 6-dimensional Einstein-Maxwell theory. The landscape of this theory includes a 
Qd de Sitter vacuum (dSe), a number of dS4 x S2 and AdS/± x 52 vacua, and a number of AdS2 x S4 
vacua. We find that compactification transitions dSg — > AdS2 x S4 occur through the nucleation 
of electrically charged black hole pairs, and transitions from dSe to dS± x S2 and AdS± x ^2 occur 
through the nucleation of magnetically charged spherical black branes. We identify the appropriate 
instantons and describe the spacetime structure resulting from brane nucleation. 
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I. INTRODUCTION 



String theory, as well as other higher- dimensional theories, suggests the existence of a 
landscape of vacua with diverse properties. The vacua are characterized by different com- 
pactifications of extra dimensions, by branes wrapped around extra dimensions in different 
ways, by different values of fluxes, etc. The number of possibilities is combinatorial and can 
be as high as 10 1000 [1]. In the cosmological context, high-energy vacua drive exponential 
inflationary expansion of the universe. Transitions between different vacua occur through 
tunneling [2j and quantum diffusion , with regions of different vacua nucleating and 
expanding in the never-ending process of eternal inflation. As a result, the entire landscape 
of vacua is explored. This "multiverse" picture has been a subject of much recent research. 

Most of this recent work has focused on the sector of the landscape with 3 large spatial 
dimensions and the rest of the dimensions compactified. If all vacua had this property, we 
would be able to describe the entire multiverse by a 4-dimensional effective theory. However, 
the landscape generally includes states with different numbers of compactified dimensions. 
Even a simple toy model based on a 6-dimensional Einstein-Maxwell theory exhibits vacua 
with 0, 2, and 4 compact dimensions. We therefore expect the multiverse to include regions 
of different (effective) dimensionality js|. 

Topology- changing transitions between vacua with different numbers of compact dimen- 
sions have been discussed in Refs. in the context of Einstein-Maxwell theory com- 
pactified on a sphere. The radius of the compact dimensions in this theory is stabilized by 
a magnetic flux through the sphere, but the resulting vacua are only metastable and can 
decay by quantum tunneling through a barrier^ The tunneling results in the formation 
of an expanding bubble, inside of which the compact sphere is destabilized and its radius 
grows with time. Transitions of this sort are called decompactification transitions. The 
compactification tunneling transitions go in the opposite direction: the number of compact 

dimensions increases from parent to daughter vacuum. Such transitions have been discussed 

ft 

in the interesting recent paper by Carroll, Johnson and Randall [8], who also obtained an 
estimate of the transition rate. Our main goal in the present paper is to elucidate the nature 
of the tunneling instantons and the spacetime geometry resulting from topology-changing 
1 The model of Ref. ^j] had an extra ingredient - the infiaton field - and a different mechanism of de- 
compactification. The infiaton undergoes quantum diffusion in the course of eternal inflation, and the 

compact dimensions are destabilized whenever the infiaton potential gets below certain critical values. 
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transitions. 

In the next Section we begin with a brief review of flux vacua in the 6d Einstein-Maxwell 
theory. Compactification tunneling transitions from 6d to effectively 2d and 4d spacetimes 
are discussed in Sections III and IV, respectively, and decompactification transitions are 
discussed in Section V. Our conclusions are summarized and discussed in Section VI. 



II. THE LANDSCAPE OF 6d EINSTEIN-MAXWELL THEORY 



We shall consider a 6-dimensional Einstein-Maxwell theory, 

S = j d'x^g Q#»> - \F MN F MN - A 6 ) , (1) 

where M, N = 0...5 label the six- dimensional coordinates, Fmn is the Maxwell field strength, 
Aq is the six-dimensional cosmological constant, is the 6-dimensional curvature scalar, 
and we use units in which the 6d Planck mass is M 6 = 1. We shall assume that A fi > 0. 
This model has a long pedigry 0, 



for string theory compactification 



1C|; more recently it has been discussed as a toy model 
111- 

Flux vacua are described by solutions of this model with the spacetime metric given 
by a (6 — g)-dimensional maximally symmetric space of constant curvature and a static 
g-dimensional sphere of fixed radius, namely a metric of the form, 

ds 2 = g MN dx M dx N = g^dx^dx" + R 2 dtt 2 q . (2) 

Here, is the metric of the (6— g)-dimensional de Sitter, Minkowski, or anti-de Sitter space, 
and dQ 2 is the metric on a unit g-sphere. We shall use the convention that the Greek indices 
label the large dimensions and take values /i, v = 0, 1, 5 — q. The compact dimensions 
will be labeled by indices from the beginning of the Latin alphabet, a, b = 6 — q, 5. 

The simplest solution of the model, corresponding to q — 0, is the 6d de Sitter space with 
Fmn — 0. 

For q = 2, the only ansatz for the Maxwell field that is consistent with the symmetries 
of the metric is a monopole-like configuration on the extra-dimensional 2-sphere flo| . 

Fab = -^y/g~2£ab, (3) 

where Q m is the corresponding magnetic charge and #2 is the determinant of the metric on 
a unit 2-sphere. All other components of F M n are equal to zero. We shall assume that 



our model includes electrically charged particles with elementary charge e (not shown in the 
action (JT])). Then the magnetic charge is subject to the usual charge quantization condition, 

Qm = , (4) 

e 

where n is an integer. This sector of the model can be described in terms of an effective 4d 
field theory. Representing the 6d metric as 

ds 2 = e-^^g^dx" + e ^' KU R 2 dQ 2 (5) 

and integrating over the internal manifold, we obtain 

S = J (\m 2 R^ - l -d^d^ - . 

Here, the potential for the size of the internal dimension is 



(6) 



V{if>) = 4vr (^-^e-^ M * - e" 2 ^ + R 2 A 6 e~^ M ^ (7) 

and 

Ml = AttR 2 , (8) 

is the 4d Planck mass. 

For any particular value of n, we can set the minimum of the potential to be at ^ = 0, 
by setting 

* . /, Sn'A. 



The 4c? cosmological constant is the value of the potential at this minimum and is given by 



A4 = V^ = 0,n) = f ^1-2^1-^] . (10) 
Positive-energy vacua are obtained for 
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The potential also has a maximum at some ip > and approaches zero at ip — > oo, as 
illustrated in Fig. [TJ It is clear from the figure that a positive-energy vacuum can decay by 
tunneling through a barrier, leading to decompactification of extra dimensions^. 



2 Perturbative stability in similar models has been discussed in [l2|, |l 
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FIG. 1. Plot of the Ad effective potential, in units of M|, as a function of the field tp. We show the 
potential for 3 different values of the flux quantum n = 180, 200, 220. The rest of the parameters 
of the model are fixed to e 2 = 2 and Aq = 10 -4 , so uq = 200. 

No vacuum solutions exist for n > n max = 2n /\/3. The corresponding value of Q rn is 



Qmax 47T f 



3A f 



1/2 



(12) 



A large landscape is possible only if n 1, or equivalently A 6 C e 2 . 
Finally, in the q = 4 sector the Maxwell field takes the form 

Qe 



A A R^ 



(13) 



where R is the radius of the 4-sphere compactification manifold, Aa = 8n 2 /3 is the 4- volume 
of a unit 4-sphere, and y/—g2 = \/—g^v is the determinant of the metric in the 2 large 
dimensions. The charge Q e is quantized in terms of the elementary charge e by the relation 



Qe 



ne. 



(14) 



One can also represent this sector as a flux compactification model in the dual formulation 
in terms of a 4-form flux. This is discussed in Appendix |A] 

We can now look for solutions of our model where the spacetime described by the large 2 
dimensions is characterized by a constant scalar curvature, R^ = 2H 2 . Einstein's equations 



then reduce to the following relations: 



3 Ae A , Ql » (16) 



R 2 2 V 2A 2 A 6 R\ 
Solutions of these equations are discussed in Appendix IB1 Forn > n max = (9At/e)(3/2A 6 ) 3 / 2 , 
there are no solutions. For n < n max , there are two solutions, one with a positive and the 
other with a negative value of H 2 . (This situation is similar to that in the q = 2 sector, 
where we also have two solutions, one corresponding to a minimum and the other to a 
maximum of the potential. In both cases, the higher-energy solutions are unstable; see the 
discussion in Sec. III). As n is increased, the two solutions approach one another, until they 
both reach H = at n = n max . The corresponding maximum value of Q e is given by 

, o \3/2 

Q { ± = 247T 2 (-) . (17) 

Once again, we can obtain an effective 2d theory by integrating out the extra dimensions. 
The resulting action is that of a 2d dilatonic gravity. The action cannot be reduced to 
the form ([6]), with Einstein gravity plus a minimally coupled scalar, essentially because the 
Einstein Lagrangian is a pure divergence in 2c?. Since the "dilaton" field if) has a non-minimal 
coupling to gravity, the radius of the compact dimensions cannot be found by simply finding 
the extrema of the dilaton potential but one can nevertheless identify the solutions presented 
above as solutions of the scalar tensor theory in 1 + 1 dimensions. 

To summarize, we have found that the landscape of vacua in our theory includes a dS§ 
vacuum, a number of dS^ and AdS 4 vacua with extra dimensions compactified on 5*2, and a 
number of AdS% vacua with extra dimensions compactified on S4. We expect that quantum 
transitions should occur from dSe and dS^ x S2 vacua to all other vacua, resulting in an 
eternally inflating multiverse. The AdS vacua are terminal, in the sense that all AdS regions 
collapse to a big crunch singularity. 

Transitions between dS± x S2 vacua with different flux quantum numbers n were dis- 
cussed in Ref. 3], where it was shown that such transitions proceed through nucleation of 
magnetically charged branes. The theory does have black brane solutions with the necessary 
properties Jj], Q. Our focus in the present paper is on the topology-changing transitions. 
As we shall see, such transitions also involve nucleation of charged black branes or black 
holes. 
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III. FROM dS 6 TO (A)dS 2 x S 4 



A. The instanton 

As discussed in Ref. js|, transitions from dS$ to AdS 2 x S 4 can be mediated by nucleation of 
black holes in dSe. The corresponding; instanton is the Euclideanized 6c? Reissner-Nordstrom- 
de Sitter (RNdS) solution [16j . 

ds 2 = f(r)dr 2 + f(r)- l dr 2 + r 2 dnj } (18) 

where 

m = 1 - ™ + % - »y-- 



Here 



^ 6 = ViT (20) 

is the expansion rate of dSg, M is the mass parameter, and Q is related to the black hole 
charge Q e as 

Q e = Vl2A A Q. (21) 

The electric field is given by 

F- = (22) 



)fl 



and Q e is quantized in units of the elementary charge, as in Eq. f fl^l) 

Zeros of the function f(r) correspond to horizons in the Lorentzian solution. There 
are generally three horizons: the inner (r_) and outer (r + ) black hole horizons and the 
cosmological horizon r c . The range of the variable r in ([TBI is 

r + < r < r c , (24) 

so that the metric is positive-definite and non-singular, with 

/(r+) = /(re) = 0. (25) 

The Euclidean time r is a cyclic variable with a period chosen to eliminate conical singular- 
ities at r = r+, r c . 



3 This is based on the definition of the charge as the integral of the flux through the S4 sphere around the 
pointlike charged object 

Q = J F rrr 4 sin 3 6> sin 2 sin ^6^0*/; (23) 
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FIG. 2. Plot of r + H 6 (bottom) and r c H 6 (top) vs. QH%. 

Nucleation of charged black holes in dS space has been extensively studied, both in Ad 
19| and in higher dimensions 20[. For relatively small values of Q, the relevant instantons 
have the topology of S2 x S4, and the avoidance of a conical singularity in the geometry 
imposes the condition 



l/'MI = \f(r c )\. 



The period of r is then 



At 



An 



(26) 
(27) 



\f'(r c )\- 

These are the so-called "lukewarm instantons". 

The condition (1261) implies that the black hole and cosmological horizons have the same 
temperature and imposes a relation between the parameters M, Q, and H e . In our case, H 6 
and e should be regarded as fixed by the model, while M is an adjustable parameter. The 
horizon radii r + and r c are plotted in Fig. [2] as functions of the charge Q. (More precisely, 
we plot r + if 6 and r c H & vs. QHq.) As Q is increased at a fixed H e , the black hole horizon 
radius r + grows until it coincides, at Q ~ 0.125if 6 " 3 = Q c , with the cosmological horizon r c . 

In the limit when the black hole is much smaller than the cosmological horizon, 



r+ < r c , 



(28) 



it follows from Eqs. ( |25l) . ( |26l) that, up to the leading corrections in q = QHq, we have 

M*qU - X -q 2 ^ , (29) 



brane 




FIG. 3. Topology-change instanton. The charged black hole worldline runs along a big circle on a 
6-sphere. The spherical geometry is distorted in the vicinity of the worldline. 



1/3 



and 



Q 1/3 (i + \i 



At « 2ttH~ 1 (1 + 4g). 



(30) 
(31) 

(32) 



Thus, the instanton in this limit describes the nucleation of nearly extremal black holes in 
cISq. These black holes can be thought of as 0-branes in our theory. The mass M of the 
black holes can be determined from the behavior of the metric in the range r + C r < r c . 
This gives [21] 

(33) 



Geometrically, we can picture the RNdS instanton in the following way. Consider the 
surface r = r* with r + < r» < r c . This is a 5d surface with topology x Si. It encircles 
the black hole horizon r = r + with a sphere of radius r* 3> r + , so that f(r m ) ~ 1. Outside of 
this surface, the metric is that of a 6-sphere, which is the Euclideanized cISq. The S% comes 
from the periodic time direction. The length of this circle is given by the period At and 
is approximately the length of a big circle on Sq. Thus, the instanton can be pictured as a 
0-brane whose worldline runs along a big circle on 5*6, as illustrated in Fig. |3j 



Instantons of this 
in de Sitter space 



brm are known to describe the production of particle-antiparticle pairs 

22|. The corresponding instanton action can be estimated as 

16vr 3 2nM 



inst 



3HI 



(34) 



where the first term is the 6d Euclidean de Sitter action, Sds 6 , and M is the particle mass. 
The second term on the right-hand side of (1341) is the contribution of the particle worldline 
action, 

M I dr . (35) 



One might also expect to see O(M) corrections to the de Sitter action of a comparable 

magnitude, caused by distortions of the de Sitter geometry due to the presence of the mass. 

However, since the action is minimized on the de Sitter solution, the linear in M correction 

to the action should vanish in the limit of small M. 

In our case, the instanton describes nucleation of a pair of oppositely charged black 

holes with an initial separation of 2i^ 6 ~ 1 . The black holes are then driven apart by the de 

Sitter expansion. We expect that for q <C 1 the action can be approximated by Eq. ( |34l) . 

Disregarding the pre-exponential factor, the nucleation rate is then given by 

Air Q e 



T ~ exp(S' d 5 6 - S,, 



inst ) 



exp(-2irM/H 6 



(36) 



where in the last step we have used the relations ( J33l) . M«Q, and (|2TT) . This agrees with the 
intuitive expectation that r ~ exp(-M/^), where T is = H 6 /2n is the Gibbons-Hawking 
temperature of dS^u 

An alternative tunneling channel is given by the so-called charged Nariai instanton, which 



describes nucleation of maximally large black holes having r + = r c [24j, |25j. This instanton 
has a simple geometry in the form of a product of two round spheres, S2 X S4, and is a 
Euclidean continuation of the dS2 x S4 vacuum solution that we discussed in Section II. 

The action for lukewarm and charged Nariai instantons in an arbitrary number of dimen- 
sions has been calculated in {20)]. In the 6-dimensional case we 



*5 'lukewarm 167T At 



2^5 



-Hir 



<) + ^Q 2 (r; 3 -r c " 3 ) 



The nucleation rate can be modified if the action includes a topological term, S-, 



and x is the Euler character 



top 



(37) 



-ax, where a = const 



23[. In our case, xC^e) — 2 and x(^4 x S%) =4, so the additional factor in 



r is e 2a . The same factor would also appear in the nucleation rate of black branes discussed in Section 



IV.A. 

5 Note that this expression has been corrected in the latest electronic version of the paper 



in 3 



. We would 



like to thank Oscar Dias for clarifying this point 1Q us. 
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FIG. 4. Plot of S/Sds vs - QHq for the lukewarm (red/solid line), Nariai (green/dashed-dotted 
line) and approximate lukewarm (blue/dashed line) actions. 



and 



32vr 



'Nariai 



(38) 



where R is the radius of the compact 4-sphere, which can be determined from Eq. ( fl6l) . The 
actions fl37|) . fl38|) . in units of the de Sitter action S^, are plotted in Fig. 0] as functions 
of q = QHq. The lukewarm instanton exists only for Q < Q c , and in all this range its 
action is smalleio (and thus the nucleation rate is higher) than that for the charged Nariai 
instanton. As Q approaches Q c from below, the two instanton actions approach one another 
and coincide at Q = Q c . The Nariai instanton is the only relevant tunneling channel in the 
range Q c < Q < Q 

max 13 where Qmax — Qrnax / y/V^A.^ and Qmhx , given by Eq. f|17p , is the 

largest value of Q e above which no instanton solutions exist. 

Also shown in Fig.HJis the approximate action (|34"|) . As expected, it is in a good agreement 

with the exact action at small values of Q. We have also verified this directly, by expanding 

the lukewarm instanton action fl3T|) at small Q. This gives 

16tt 3 , 



S, 



lukewarm 



Aq + q 4/3 + ... 



(39) 



where the neglected terms are 0(q 5 ^ 3 ). The first two terms in this expansion coincide with 
our approximate formula (jMj) . 

6 Note that Siukewarm and SNariai are negative (in addition to SdS 6 < 0), and that is why in Fig. @]the 



graph for the lukewarm action is above that for the Nariai action. 
7 There is yet another kind of instanton, the so-called "cold" instanton, describing nucleation of extremal 

Reissner-Nordstrom black holes. Such instantons do not seem to describe compactification transitions, so 

we do not consider them here. 
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B. Spacetime structure 



To analyze the spacetime structure resulting from the tunneling, we use a Lorentzian 
continuation of the metric (|18|) . r — > it. Introducing a new radial variable £ as 

f{r)- 1/2 dr = d£, (40) 

we have 

ds 2 = -h{£)dt 2 + di 2 + r^fdQl, (41) 

where h(£) = /(r(£)). We can choose the origin of £ so that £ = at r = r + . Then, in the 
vicinity of r = r + we have 

h(o « e 2 . (42) 

We can now continue the metric across the black hole horizon by replacing £ — > it, t — >• £^ 

cfe 2 = -rft 2 + t 2 d£ 2 + r 2 rffi 2 . (43) 

This describes an expanding 2d FRW universe with 4 extra dimensions compactified on a 
sphere. The big bang at t = is non-singular and corresponds to the horizon at r = r + . 

The form (j4"3~l) applies only in the vicinity of t = 0. More generally, the metric behind 
the horizon can be expressed as 

ds 2 = -dt 2 + a 2 {t)d£ 2 + r 2 (t)dnl (44) 

with 



F^ = Qe li -zm^ (/^ = o,i). (45) 



a(t) 
'A±r(ty 

In the limit (1281) . and at t ^> r + , we expect the metric to approach that of AdS2 x S4. 
The extra dimensions in this metric are stabilized by the electric field; that is why the black 
holes mediating the topology change need to be charged. 

The Penrose diagram for a RNdS black hole is shown in Fig. [51 Region I in the diagram 
is the region r + < r < r c covered by the static coordinates (l4T|) . Region II is the exterior 
asymptotically de Sitter space, and i + is its spacelike future infinity. Region III is the part 
of the spacetime behind the black hole horizon, which is described by the metric (|4*4|) . It 
corresponds approximately to AdS2 x S4, with the horizon at r + playing the role of the big 



Here we follow the discussion in 
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FIG. 5. Penrose diagram for a charged black hole mediating a topology-changing transition dS$ —> 
AdS-i x Si . Perturbations result in a singularity at r = r_, so the striped regions are not accessible. 



bang and that at r_ the role of the big crunch of the AdS space. In a pure AdS space, both 
horizons are non-singular, so the black hole is a traversable wormhole, and it is possible 
for a timelike curve to go from region I across region III into a region similar to I and into 
another dS^ space, or to a timelike singularity in region IV. However, if perturbations are 
included, the horizon at r = r_ develops a true curvature singularity, and the metric cannot 
be extended beyond region III. A spacelike slice through the topology-changing region is 
illustrated in a lower-dimensional analogue in Fig. |6j 



Thus, we conclude that, from the viewpoint of a 6d observer, the topology-changing 
transitions dS$ — » AdS2 x S4 look like nucleations of pairs of electrically charged black 
holes. Each black hole contains an infinite AdS% x S4 universe behind its horizon. 



The Lorentzian continuation of the charged Nariai instanton is a dS^ x S4 solution, 
corresponding to one of the positive-energy (H 2 > 0) q = 4 vacua that we discussed in 
Section II. These solutions are known to be unstable: small perturbations cause them to 



disintegrate into AdS 2 x S4 and dS 6 regions 



25) 
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FIG. 6. A spacelike slice through a lower-dimensional analogue of the black hole topology-changing 
region. In this funnel-like geometry, the flat region at the top has two large dimensions, while the 
tube of the funnel has one large and one compact dimension. 

IV. FROM dS 6 TO {A)dSi x S 2 

A. The instanton 



We shall now argue that topology change from dS& to dS^ x S 2 and to AdS± x S2 can 
occur through the nucleation of spherical black 2-branes. Since the radius of S2 is stabilized 
by magnetic flux, the branes have to be magnetically charged. 

It is well known that Einstein-Maxwell theory with A 6 = has magnetically charged, 
asymptotically flat black brane solutions . In particular, the extreme 2-brane in 6c? 

is described by the metric, 



ds< 



(^- r ^ l \- d e + d x 2 + dy 2 ) + ( K l- r -^ 2 dr 2 + r 2 dnj, (46) 



with 



y/3Qm / Af7 \ 
ro = — ■ (47) 

The surface r = r is a non-singular event horizon. The parameter Q m in (1471) is the 
quantized magnetic charge (jl]). The mass per unit area is equal to the brane tension and is 
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given by 



17. 



T 2 = (48) 



Note that the metric ff46]) is invariant with respect to Lorentz boosts in the x and y directions, 
as expected. Using the results of Refs. 



151 ] and |l4|, it can be shown that (l4"6l) is the only 
solution which is both non-singular and boost-invariant. 

Generalizations of black brane solutions to asymptotically de Sitter background are not 
known analytically, but can be found numerically, using the ansatz 

ds 2 = B 2 {£)[-dt 2 + exp(2t)(dx 2 + dy 2 )} + d£ 2 + r 2 (£)c^, (49) 

where the coordinates x,y,t can be thought of as brane worldsheet coordinates. Alterna- 
tively, one can use the closed de Sitter form of the worldsheet metric, 

ds 2 = B 2 (i)\-dt 2 + cosh 2 ^ft /2 ] + d£ 2 + r 2 (0^2, (50) 

with the same functions -B(£) and r(£). For a pure dSe space, these functions are given by 

B(0 = H, 1 cos(# 6 £), r(£) = He 1 sin(if 6 £), (51) 

with £ = tt/2Hq corresponding to the de Sitter horizon. (This metric covers only part of de 
Sitter space.) 

In the presence of a brane, the Einstein equations for -B(£) and r(£) with the ansatz ([3]) 
for the Maxwell field have the form 

1 1 B\j) 2 4B'(Qr'(Q r'(Q 2 2B"{j) 2 2r"(Q Q 2 m 



5(0 2 r(0 2 5(0 2 5(0r(0 r(0 2 5(0 r(£) 32ttV(0 4 ' 

+ 7777^-^777^ 7577^777- - 7777^7 = A + T7^-77^ ( 52 ) 



B(0 2 r(0 2 B(0 2 B(0r(0 r(£) 2 32vrV(0 4 
3 35'(0 2 SB'(0r'(0 3B"(0 r"(0 _ A _ Q„ 



5(0 2 5(0 2 5(0K0 B(0 r(£) 32ttV(0 4 ' 

The first of these equations follows from the other two, so there are two independent equa- 
tions for the two functions, B(£) and r(£). 

Before discussing the solutions of these equations, let us consider a Euclidean continuation 
of the metric (!50|) . This can be found by setting t = id — z7r/2, 

d s 2 = 5 2 (0^3 + ^ 2 + r 2 (0^2- (53) 
15 



We are interested in compact, non-singular instanton solutions, so the range of £ has to be 
finite, < £ < £ m , with the endpoints corresponding to zeros of 

B(0) = B(U) = 0. (54) 
These endpoints are non-singular, provided that 

B'(0) = B'{U) = 1 (55) 

and 

r'(0) = r\U) = 0. (56) 

The boundary conditions (1541) - ([561) select a unique solution of Eqs. (1521) . For specified 
values of Hg and Q m , the solution can be found numerically. For small values of Q m , 

Q m < # 6 ~\ (57) 

the brane horizon radius is much smaller than that of the cosmological horizon at £ TO « 
7t/2Hq, and we expect the solution to be well approximated by the spherical metric floTl) . 
except in the vicinity of £ = 0. We also expect that in this limit the brane horizon radius is 
r(0) ~ ro with ro from ()4"7j) and the brane tension is approximately given by (jUJ). 

In Figs. [7] and [8] we find the numerical solution for the case e 2 = 2, A 6 = 10 -4 and n = 10. 
This value of n corresponds to a small magnetic charge so one can see from the figures that 
the functions only deviate slightly from their pure de Sitter counterparts. In Fig. [9] we show 
a close up of the region near the black brane horizon and compare the asymptotic value of 
r with the analytic estimate in the small charge regime, namely, r from Eq. (1471) . 

Analysis similar to that in Sec. III. A indicates that the black brane instanton can be 
pictured as a 2-brane, whose worldsheet has the form of a 3-sphere and is wrapped around 
a "big circle" of Sq, as illustrated in Fig. El As discussed in [22], such instantons describe 
spontaneous nucleation of horizon-radius spherical branes in de Sitter space. The instanton 
action in the limit (157)) can be estimated as 

S inst « S dSe + A 3 H^T 2 , (58) 

where A3 = 2n 2 is the volume of a unit 3-sphere and T2 is the tension of the brane given by 
(j48|) . As for the black hole instanton, the presence of the brane does not induce any linear 
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FIG. 7. Numerical solution for the function -£>(£) for the magnetically charged inflating brane 
(solid line). We show for comparison the pure de Sitter solution Eq. (|5ip shifted to match the 
numerical solution at the cosmological horizon endpoint, namely £ TO (dashed line). We use here 
the parameters specified in Fig. 1 and the brane solution corresponds to the case n = 10. 
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FIG. 8. Numerical solution for the function r(£) (solid line) for the same parameters as in Figure 
[71 The dashed line is the solution for r(£) for the pure cISq case, Eq. (f5Tj) , Note that we have 
shifted the pure de Sitter solution to make the cosmological horizon coincide with £ m .. 



in T 2 corrections to Sds 6 , because dS^ is a minimum of the action. The brane nucleation 
rate is given by 



T ~ exp(-27r 2 # 6 - 3 T 2 ) 



(59) 
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FIG. 9. Magnified plot of the numerical solution in Fig. [8] for r(£) near the brane horizon (solid 
line). We also show for comparison the analytic estimate of the brane horizon for this particular 
brane solution (dashed line) given by Eq. (|3T|) . 
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FIG. 10. Numerical solution for the function -B(£) for the magnetically charged inflating brane 
solution with n = 200. 



We note that it follows from Eq. f|T0|) that for small values of Q m satisfying (1571) the Ad 
cosmological constant is necessarily negative. For Q m ~ H^ 1 , the brane and cosmological 
horizons are comparable to one another, and the metric significantly differs from ( JBTI) all the 
way to r = r c . In this regime, the instanton action needs to be calculated numerically. An 
example in this regime is shown in Figs. UM and HT1 

The tunneling process can also be described using the Ad effective theory. The instanton 
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FIG. 11. Numerical solution for the function r(£) for the case n = 200. 



is then the usual Coleman-De Luccia (CdL) instanton. This description was used by Carroll, 
Johnson and Randall (CJR) 8] and is equivalent to ours, but the geometry of the instanton 
and the resulting spacetime structure are not evident in this approach. CJR performed a 
numerical calculation of the instanton action as a function of the magnetic charge Q m ; the 
result is shown in their Fig. 17. We have verified that their calculation agrees with our 
approximate formula (1581) . Since the graph obtained by CJR is nearly a straight line, our 
formula gives a good approximation in the entire range of Q m . 

CJR have also considered a Nariai-type instanton and compared its action to that of 
the CdL-type instanton. In the present case, the Nariai-type instanton is the Euclideanized 
unstable dS^ x S2 vacuum solution, corresponding to the maximum of V(ip)- Us action is 
greater than that for the black brane instanton discussed above for all values of Q m , up to 
some critical value at which the two actions coincide^. The black brane instanton does 
not exist for Q m > Qc \ and no instanton solutions exist for Q m > Q^max with Qmax given 
by Eq. (fl2l) . The value of depends non-trivially on Aq. 



9 One can see how the inflating black brane solutions approach the Nariai limiting case by looking at the 
numerical solutions presented in Figs. [TU] and 111! This is an intermediate solution where the function 
B(£) approaches a pure sine function and r(£) has a small variation from r + to r c as one would expect 
for a near Nariai solution. 
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o n> + n> c ip 

FIG. 12. Scalar field potential of the effective Ad theory. In the newly formed compactified region, 
ip starts at and rolls to tp = 0. 

B. Spacetime structure 

Let us now analyze the spacetime structure resulting from brane nucleation. The region 
between the brane horizon, £ = 0, and the cosmological horizon, £ = £ m , is described by the 
metric fl50l) . Surfaces of constant £ in this metric have the geometry of (IS3 x 5*2, indicating 
that the brane worldsheet is effectively an expanding 3c? de Sitter space. In the vicinity of 
the brane horizon at £ = 0, we have B(£) ~ £ and r(£) ~ r + , where r + = r(0) is the brane 
horizon radius, 

ds 2 = £ 2 (-dt 2 + cosh 2 tdQ! 2 2 ) + di 2 + r 2 rffi 2 . (60) 

Analytic continuation across the horizon is obtained by replacing £ — > it, t — > x + 
This gives 

ds 2 = -dt 2 + t 2 dU\ + r 2 rffi 2 , (61) 

where 

dU\ = d X 2 + sinh 2 X dtt 2 (62) 

is a 3c? hyperbolic metric of unit curvature radius. The metric ( 16T!) describes an expanding, 
open 4c? FRW universe with 2 extra dimensions compactified on a sphere. 

The metric (1611) applies only in the vicinity of t = 0, where the 4c? universe is curvature- 
dominated. More generally, the metric behind the black brane horizon has the form 

ds 2 = -dt 2 + a 2 {t)dHl + r 2 {t)dtt\. (63) 

The evolution of a(t) and r(t) can be found by numerically solving the Lorentzian version 
of the 6c? Einstein equations. Alternatively, we can use the effective 4c? theory (j6]). The 4c? 
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metric is given by 

ds\ = -dt 2 + d 2 (t)dH 2 3 (64) 

and the scalar field if) is a function of t only. The 4c? and 6c? descriptions are connected by 
the relations 

dt = e^®' 2M Ht, (65) 

a(t) = e-^ 2m a(t), (66) 

r(t) = Re^ /2M \ (67) 
The 4c? evolution equations have the form 

$ + 3?^ + V'(^) = 0, (68) 



a 



h\ 2 i i f ip 2 



a 2 3M| \ 2 



+ V(iP) , (69) 



where dots stand for derivatives with respect to t and V(ip) given by (J7J). 

From a 4c? point of view, our tunneling process is the usual Coleman-De Luccia (CdL) tun- 
neling through the barrier in the potential V(ip). The field values ip c and ifi+, corresponding 
respectively to r c and r + are located on the opposite sides of the barrier (see Fig. [T2l . The 
evolution starts at t — with ip = ip + and a = 0, and the field ^ starts rolling towards the 
potential minimum at if> — 0. The long-term evolution depends on whether this minimum 
has positive or negative energy density. For A4 < 0, we have an AdS^ x S2 vacuum, and the 
evolution ends in a singular big crunch, while for A 4 > 0, the evolution is non-singular and 
the metric asymptotically approaches a 4c? de Sitter space with if> — > 0. The corresponding 
spacetime diagrams are shown in Fig. [131 

n 

Nariai-type instantons are similar to Hawking- Moss instantons [27|]. As discussed in 
, they describe nucleation of regions of size comparable to the horizon, filled with the 
unstable vacuum at the maximum of V(ip). Small perturbations will cause if) to roll away 
from the maximum. As a result, the newly formed region will either disintegrate into dS§ 
and (A)dSi x 5*2 domains, or, if the potential V(ip) is sufficiently flat near the maximum, 
it will become a site of eternal inflation, with dS^ and (A)dS± x S2 sub-regions constantly 
being formed. 
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(a) (b) 

FIG. 13. Spacetime diagrams for transitions from dSe to dS± x S2 (a) and AdS± x S2 (b). 

V. FROM dS 4 x S 2 TO dS 6 

The decompactification transition from dS± x S 2 to dS$ has been discussed in Refs. Isj]- 
In terms of the effective 4D theory, this is the usual false vacuum decay. A bubble with 
if} ~ if> c nucleates in the inflating background of ip = vacuum. As the bubble expands, the 
field rolls off to infinity in the bubble interior. The tunneling is described by the same CdL 
instanton as for the inverse transition, dS$ — > dS± x 5*2, and the tunneling rate is 

T ~ exp(S'o - S inst ), (70) 

where 

S = -24tt 2 M 4 4 /A 4 , (71) 

with M4 and A4 from Eqs. (jHJ) and (|T0|) . respectively. The rate (170j) has been estimated in 
[7] and has been calculated numerically for different values of parameters in Ref. 8]. 

The 4c? evolution after tunneling is described by the same equations ( BHD , ( |69l as for the 
inverse transition, except now the evolution starts with ip(t = 0) = ip c and the field ip r °U s 
towards if} = 00, so the extra dimensions become large. The role of the bubble wall is played 
by the expanding black 2-brane. A spacelike slice through the decompactification bubble 
spacetime is illustrated in Fig. [i~4l 

The 6-dimensional metric in the bubble interior has the form (1631) . At late times, t — > 00, 
the metric approaches that of dSe [6], with a(t) m H^ 1 sinh(if 6 t) and r(t) w H^ 1 cosh(iJ 6 t). 
This is a somewhat unfamiliar, "mixed" slicing of de Sitter space, with open slices in 3 
out of 5 spatial dimensions and closed spherical slices in the remaining two directions. The 
compact dimensions always remain compact, but asymptotically become very large, and the 
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FIG. 14. A spatial slice through the decompactification bubble spacetime. The junctions marked 
as "2-branes" in this lower-dimensional analogue become a 2-sphere in 5d. 

metric becomes locally isotropic in the limit. 



VI. CONCLUSIONS 

The Einstein-Maxwell theory in 6 dimensions admits a rich landscape of vacua and pro- 
vides a useful toy model for investigating the dynamics of the multiverse. The landscape of 
this theory includes a dS^ vacuum, a number of dS± and AdS± vacua with extra dimensions 
compactified on 5*2, and a number of AdS^ vacua with extra dimensions compactified on S4. 
There are also some perturbatively unstable dS± x S2 and dS2 X £4 vacua. In this paper we 
studied quantum tunneling transitions between vacua of different effective dimensionality. 
We identified the appropriate instantons and described the spacetime structure resulting 

n n 

from the tunneling. Our results reinforce and extend the earlier analyses in Refs. [8[ and [7[. 

We found that compactification transitions from dS$ to AdS2 x S4 occur through nucle- 
ation of pairs of electrically charged black holes. The charge of these black holes is quantized 
in units of the elementary charge of the theory, and their mass is determined by the con- 
dition that the temperature at the black hole horizon (r = r + ) is the same as that at the 
cosmological horizon (r = r c ) in the corresponding Reissner-Nordstrom-de Sitter solution. 
These black holes can be thought of as 0-branes of the theory. In the limit when r + <C r c 
the black holes become nearly extremal. The instanton in this limit can be pictured as S$ 
(Euclideanized de Sitter) with a 0-brane worldline running along a big circle. 
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Transitions from dSe to dS^ x S 2 and AdS^ x S 2 proceed through nucleation of spherical, 
magnetically charged black 2-branes. Once again, in the limit when the black brane horizon 
radius r + is small compared to r c , the corresponding instanton can be pictured as a brane 
whose Euclidean worldsheet (which has the form of a 3-sphere) is wrapped around a "big 
circle" of The process of black brane formation through quantum tunneling is very similar 



to nucleation of spherical domain walls during inflation, which was analyzed in Ref. [22 ]. 

The initial radius of a nucleating brane is set by the de Sitter horizon, H$ . Once the 
brane is formed, this radius is stretched by the exponential expansion of the universe, while 
the transverse dimension of the brane (which can be identified with its horizon radius r + ) 
remains fixed. Behind the horizon, in the black brane interior, the spacetime is effectively 
4-dimensional, with the extra two dimensions compactified on 5*2. Observers in this newly 
formed compactified region see only a homogeneous FRW universe, approaching either dS 
or AdS space. 

Transitions from dSe to unstable dS2 x S4 (or dS 4 x 5*2) vacua are mediated by Nariai- 
type instantons, which are similar to Hawking-Moss instantons. Small perturbations cause 
fragmentation of these vacua into regions of AdS 2 x S4 (or AdS 4 x S 2 ) and dS 6 . 

We also discussed decompactification transitions dS^ x S 2 — > dS 6 , in which the effective 
dimension of the daughter vacuum is higher than that of the parent vacuum. These transi- 
tions are described by the same instanton as the inverse process, dS 6 —> dS^ x S 2 , but the 
resulting spacetime structure is rather different. Observers in the parent vacuum see nu- 
cleation and subsequent expansion of spherical bubbles, as in ordinary CdL vacuum decay. 
The role of the bubble wall is played by a spherical magnetically charged black brane (the 
same kind of brane as in the inverse transition). The bubble interior is initially anisotropic, 
but as the compact dimensions expand, it approaches local isotropy, with the metric ap- 
proaching the Qd de Sitter space. However, the anisotropy may still be observable in the 
CMB if inflation inside the bubble terminates after a relatively small number of e-foldings. 



These issues will be discussed separately in [28]. 



Apart from the topology-changing transitions that we discussed here, our model admits 
tunneling transitions between (A)dS4 x S 2 vacua having the same topology, but charac- 
terized by different values of the magnetic flux. Such tunnelings, which are analogous to 
the Schwinger process, and the corresponding instantons, have been discussed in [7[. The 
role of the bubble walls in the resulting bubbles is played by magnetically charged branes, 
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which can be either solitonic branes (if the model is augmented by adding the appropriate 
Higgs fields) or black branes of the type described here. In the latter case, the region inside 
the black brane horizon is a new {A)dS^ x S2 universe. Thus, the tunneling results in the 
formation of two compactified regions: one in the interior of the expanding bubble, where 
the flux has been changed with respect to the parent vacuum, and the other in the interior 
of the black brane itself. 

Topology- changing transitions of the kind we discussed in this paper will inevitably occur 
in the course of eternal inflation. As a result, the multiverse will be populated by vacua of all 
possible dimensionalities. A spacelike slice through such a multiverse might look like Linde's 



famous "cactus" picture 



291 ]; its version adapted for our present model is shown in Fig. [T^J 



We shall discuss the structure of this multi-dimensional multiverse and its implications for 
the measure problem in a separate paper. 

Finally, as Fig. [T5] suggests, we expect that there should be other kinds of instantons 
that interpolate directly between the dS± x S2 and AdS2 x S4 sectors in our model. These 
would be somewhat more complicated solutions that will not only change the topology of 
spacetime, but would also act as sources and sinks for the different fluxes involved. 
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Appendix A: The Electric Sector in the four form language 

In this appendix we will discuss 6 dimensional Einstein gravity coupled to a 4-form field. 
We will call this the electric sector of the 6d model. In this case we have 2 large dimensions 
and 4 compact ones. The Lagrangian is given by 

S = f d^xy^g (~R® - 1 F MNPQ F MNP * - A«) , (Al) 
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FIG. 15. A spacelike slice through a multi-dimensional multiverse. The dark regions represent 
black holes and black branes. This is an adaptation of Andrei Linde's picture in [29]. 



which is the dual theory of the electromagnetic formulation given in the main part of the 
text. The corresponding field equations are 

R^mn ~ t^ImnR^ = T M n (A2) 

and 

~^=fu (y^§F MNp Q) = 0, (A3) 
with the energy-momentum tensor given by 

Tmn = (^FmpqrF^ QR — -cjmnFj — 9mn^-§ ■ (A4) 
We will look for solutions of this model with the spacetime metric given by a two- 
dimensional maximally symmetric space of constant curvature] 10 ! = 2H 2 , and a static 
extra-dimensional 4-sphere of fixed radius, namely a metric of the form 

ds 2 = g MN dx M dx N = g ia 4xf t dx v + R 2 dn\ . (A5) 
10 As before, H 2 can be positive or negative, depending on whether we are talking about de Sitter or anti-dc 
Sitter spaces. 
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With this ansatz, we obtain the following components of the 6c? Einstein tensor: 

6 

R 2 



& $ = ~—,~9^ , (A6) 



#2 = ~(h> + A J ~ gah , (A7) 

where we have used \x and v to denote the two dimensional coordinates and a and b run 
over the four extra dimensions on the sphere. 

The field strength is taken to be proportional to the volume form on S q , namely, 

% x = % (detsu) 172 = ^ sin 3 6 sin 2 sin ip, (A8) 
which gives rise to the following energy-momentum tensor 

T,u = -g,* + A 6 ) (A9) 



and 



T afc = g ab ( - A 6 1 , (A10) 



where, as before, 

Q e = ne. (All) 
Equating the Einstein tensor and the stress-energy tensor we find 



2 V 2AjA 6 R 8 

and 



i? 2 2 V 2AlA 6 R\ 
These equations are quartic in R 2 . Upon solving Eq. (1A13|) for R 2 we find that two of 

the four solutions yield negative R 2 , and are thus discarded. The solutions are algebraically 

complicated, and are analyzed in Appendix [Bl The key point for this study is that for the 

two viable solutions it can be shown that upon substituting into Eq. (IA12[) one solution 

always yields a positive H 2 while the other solution always yields a negative H 2 . 

Appendix B: Solving for R 2 

We need to solve Eq. f fT6|) . 

3 A 6 / Ql 



T 2 = T{ 1 + 2aJa^i- (B1) 
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Multiplying this equation by (Q e /Ai) 2 / 3 and introducing a new variable x — R/ (Q e / 'A4) 1 / 3 , 
we have 

3 A 6 (Q e A4 4 ) 2 / 3 | 1 ^ 



or 



4x 8 ' 



1 - /rf = «b < B3 > 



y= (B4) 



where 



The function on the l.h.s. of eq. ( 1B3|) is convex and the function on r.h.s. is concave. For 
sufficiently small values of K, there are two roots. As K is increased, the roots approach 
one another until they coincide at some critical value K max (corresponding to some flux 
quantum number n max ). For K > K max , there are no solutions. 

The critical value K max can be found by noticing that at this value of K the graphs of 
the functions on the two sides of eq. (1B3j) are tangent to one another at the point where they 
meet. This yields the condition 



Combining this with Eq. (JB3J), we find 

34/3 

K max = — . (B6) 

Using Eqs. ( 1B4I) . f lT4l) and ( 1T5|) . it can be verified that the corresponding values of Q e , n and 
H are 

/ 3 \ 3/2 

Qmix = 9^4 , (B7) 

and H = 0. Since the two solutions of (IBID merge at = 0, it is clear that for K < K max 
one of these solutions has H > and the other H < 0. 

For K max , the solutions of f)B3j) can be approximated as 

Xl ns 12- 1/6 , x 2 w fsT- 1/2 . (B9) 

(Note that in this case <C 1.) 
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Appendix C: Inflating brane equations of motion 



Taking into account the following ansatz for the metric, 

ds 2 = B 2 ^)[-dt 2 + cosh 2 tdVl'l) + d£ 2 + r 2 (£)dtt 2 2 , (CI) 
we obtain an Einstein tensor of the form, 



r t = r e> = r ^ = 1 1 , 4gW(0 | ^(0 2 | 2B "(0 2 , 2r^(0 

1 9 ' 4,1 ~ B(0 2 r(0 2 5(0 2 5(£)r(0 r(0 2 5(0 ' 

r i J_ J_ 3£'(Q 2 6£?'(0^(0 r'(Q 2 
« " 5(0 2 r(0 2 + 5(0 2 + 5(0r(0 + r(0 2 ' 

r , = r ^ = 3 3£'(Q 2 3g^V(0 3i?"(fl r"(fl 

On the other hand, the energy-momentum tensor of the brane in this metric can be 
computed to be, 

Tl = To, = Tf, = -A Q2fn 



l 6 



32ttV(0 4 

Qm 



_ _ A 

« ~~ 6 32vr 2 r(0 4 
(I 2 

J- /) — J- a, — — Afi + 



32vr 2 r(0 4 

We require that our solution must be free of singularities at the brane horizon as well 
as the cosmological horizon, which in turn means that the most general expansion around 
those points should be of the form 

r(0=r H + r 2 e + - (C2) 
where we have assumed that the position of the horizon in question is at £ = and its radius 
is Th- Plugging this expansion back into the equations of motion we arrive at the following 
expression for the coefficients B 3 and r 2 in terms of A 6 , Q m and r H , namely, 



B* = 



4r| - 5(g m /47r) 



2r 4 H A 6 



lUrjj 



r2 = 



Ar 2 H 



3(Q m /47r) 



2r^A 6 



32rf, 



(C3) 
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Using this expansion we can now integrate the equations of motion forward in £ up to 
the other horizon. The value of r# is then fixed by imposing the regularity condition on the 
other horizon. 
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